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One of the biggest trends in contemporary mathematics

(via higher category theory):

Replace equality with homotopy

(a topological notion of equivalence)

Replace sets with higher-dimensional spaces

as the native objects of mathematics
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A new field at the crossroads of mathematics and CS:

higher-dimensional rewriting

Unifying rewriting, a fundamental mechanism of computation,

with homotopy, central to modern mathematics
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The basic framework of rewriting:

1 we have some rewrite rules of the form L⇒ R;

2 we have a notion of matching L in some context C[L];

3 if we have a rewrite rule L⇒ R, we can replace L with R in a
context C[L], to obtain C[R]

“Kindergarten” example: the rules

2 + 2⇒ 4, 4 + 0⇒ 4

can be used in the sequence of rewrites

2 + 2 + 0⇒ 4 + 0⇒ 4
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The insight of higher-dimensional rewriting:

various kinds of rewriting can be unified as

diagram rewriting in different dimensions,

where the notion of diagram comes from higher category theory

and is compatible with a “homotopy” interpretation.
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Dimension 2: term rewriting ⊆ string diagram rewriting
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Theoretical work:

build a flexible, rigorous toolkit for translating between
rewriting and homotopy;

use it to bring methods and intuition from topology to the
study of computer programs

Towards a language for fundamental computer science that’s
closely integrated with 21st century mathematics
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LICS: biggest conference in formal methods for computer science



Applied work (with Diana-Maria Kessler):

study of algorithmic aspects of higher diagram rewriting

development of a new proof assistant for diagram rewriting



Goals

Our objective is to build a software toolkit for higher-dimensional diagram
rewriting, with the main part being a proof assistant.

Our goals for the user are:
Present a higher rewrite system.
Create “indexed” diagrams in the signature and have the software
match rewrite rules as higher diagrams.
Be able to compute topological invariants of the systems considered,
thanks to the connection to topology.
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Data structures

1 We use a linear algebraic representation to encode the shape and
orientation of diagrams in matrices.

2 Some computations reduce to matrix multiplication.
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Code

(a) (b)

Figure
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Algorithms

1 Algorithm to solve the isomorphism problem for diagram shapes.
Diagram traversal algorithm.

2 Algorithm for generating diagrams - we have identified an inductive
construction for diagrams.

(TalTech) IT Academy Conference 4 / 6



Algorithms

1 Algorithm to solve the isomorphism problem for diagram shapes.
Diagram traversal algorithm.

2 Algorithm for generating diagrams - we have identified an inductive
construction for diagrams.

(TalTech) IT Academy Conference 4 / 6



Diagram Traversal

Figure
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Generate Diagram

Figure
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